In this article we make a comparison between the behavior of entanglement and quantum degree of polarization for a special class of states of the radiation field, namely the Bell-type diagonal mixed states. For the three-photon mixed states we have plotted the concurrence and the Chernoff quantum degree of polarization in terms of the parameter, which defines the state. We find the the entanglement and the quantum degree of polarization are incomparable measures.
Introduction
Entanglement is the main ingredient in most applications of quantum information theory [1, 2] . For example, it is widely used in quantum cryptography or for obtaining the mutually unbiased bases required for quantum key distribution [3, 4, 5, 6, 7, 8] , in quantum teleportation, or in superdense coding [2] . The resources based on non-Gaussian states have attracted a lot of attention due to the fact that they are more efficient for some quantum processes such as teleportation [9] or cloning [10] . Recently, a new measure of non-Gaussianity was introduced and investigated [11] , [12] . During the last years, two new properties of quantum states were defined: quantum discord [13] and Einstein-Podolsky-Rosen steerability [14] , which are different from entanglement and Bell nonlocality. The behavior of discord and steerability under the influence of a thermal bath was discussed in Refs. [15, 16, 17, 18, 19] .
Another important feature of the radiation field is the polarization. While in classical optics, there is the well-known definition based on the Stokes parameters, in quantum optics there are many proposals for introducing the degree of polarization. A choice for evaluating the quantum degree of polarization is the use of distance-type measures, such as Hilbert-Schmidt, Bures [20] , or Chernoff bound [21, 22] .
An investigation of the entanglement and polarization was done for photonadded coherent states in Ref. [23] . The task of this paper is to make a comparison between the entanglement, using the concurrence, and polarization based on the quantum Chernoff bound of two-mode three-photon states, which are diagonal in the Bell-type basis. A different analysis was done by us by using the Hilbert-Schmidt and Bures measures for the quantum degree of polarization [24] .
The paper is organized as follows. Section 2 presents a brief review of the quantum Chernoff bound, as well as the quantum degree of polarization based on this quantity. The main results of this article are given in Sec. 3, where the three-photon Bell-type diagonal mixed states are analyzed in detail with the help of the Chernoff degree of polarization and concurrence. Further, two particular cases are investigated: the Werner-type state and the Bell-type diagonal state depending on a parameter, for which we have plotted both the concurrence and the Chernoff degree of polarization. Our conclusions are outlined in Sec. 4, where we emphasize that the entanglement and the quantum degree of polarization are incomparable measures.
Chernoff quantum degree of polarization: a brief review
The problem of discriminating of two probability distributions was investigated in the asymptotic limit by Chernoff in 1952 [25] , who found an upper bound on the minimal error probability. This bound is known as the classical Chernoff bound and has many applications in statistical decision theory. Its generalization to the quantum case was recently proved by Nussbaum and Szko la [26] and Audenaert et al. [27] , and analyzes the following scenario: k identical copies of a quantum system are prepared in the same unknown state, which is eitherρ orσ. Then, one has to determine the minimal probability of error by testing the copies in order to draw a conclusion about the identity of the state. The minimal error probability of discriminating two equiprobable states in a measurement performed on k independent copies is [28, 29]
where ||Â|| 1 := Tr Â †Â is the trace norm of a trace-class operatorÂ. Due to the fact that the minimal error probability given by Eq. (1) is in general difficult to be computed, one has to consider the asymptotic limit. For a large number of identical copies, an upper bound of the minimal probability of error (1) has the expression [27] :
The positive quantity ξ QCB (ρ,ζ) is called the quantum Chernoff bound [26, 27] and is defined as follows
Let us consider a mixed two-mode stateρ of the quantum radiation field. Further, we use the notation
.., N for the standard two-mode Fock basis, where H means horizontal polarization, while V the vertical one. The class of linear polarization transformations is a group of unitary operatorsÛ pol on the two-mode Hilbert space H H ⊗ H V , these transformations being constructed with the help of the Stokes operators:
The operatorsÛ pol can be parametrized in terms of the Euler angles φ, θ, ψ as follows:
A stateσ that remains invariant under any polarization transformation (3), i.e.Û polσÛ † pol =σ, is unpolarized [21] , its spectral decomposition being [30] 
whereP N := N n=0 |n, N − n n, N − n| is the projection operator onto the vector subspace of the N-photon states. The parameters π N satisfy the normalization condition ∞ N =0 π N = 1. The Chernoff quantum degree of polarization of a two-mode state of the quantum radiation field is defined as follows [21, 22] :
where the maximization is evaluated over the set U of unpolarized statesσ given by Eq. (4).
Bell-type diagonal mixed states
Let us analyze the three-photon mixed states of the quantum radiation field. With the help of the two-mode Fock basis {| 3, 0 , | 0, 3 , | 2, 1 , | 1, 2 }, one can define the Bell-type basis as follows [24] :
The states | Ψ ± are the well-known N00N states [31, 32] , while the other two states | Φ ± have recently been considered in Ref. [33] . The Bell-type diagonal mixed states are defined by the following density operator
where the parameters α, β, γ, δ satisfy the normalization condition α + β + γ + δ = 1. The Chernoff quantum degree of polarization is obtained by using Eq. (5):
Further, we want to evaluate the entanglement of a Bell-type diagonal mixed state in order to be able to compare the quantum degree of polarization with the entanglement. Concurrence is a useful tool for evaluating the entanglement of a mixed state [34, 35] . The expression of the concurrence in the case of a Bell diagonal state reads [36] 
where {λ 1 , λ 2 , λ 3 , λ 4 } are the eigenvalues α, β, γ, δ in decreasing order, i.e.
Werner-type state
Here we focus our analysis on an important state of the class of Bell diagonal mixed states, namely the Werner state [37] :
with a a parameter that satisfies a ∈ [0, 1]. The Werner state is defined by taking
in the general expression of the Bell-type diagonal state (6) . Firstly, we obtain the expression of the Chernoff quantum degrees of polarization by using Eq. (7) [38, 39] :
Secondly, the concurrence of the Werner state is given by [40] :
In Fig. 1 we plot the concurrence versus the Chernoff quantum degree of polarization. There is a special state with the property that the concurrence is equal to the Chernoff quantum degree of polarization, namely the state characterized by the parameterã = 0.3595871.
Bell-type diagonal states described by the parameter x
Let us investigate an interesting class of Bell-type diagonal states, which is characterized by the coefficients α, β, γ, δ of the density operator (6) that depend on a parameter x ∈ [−1, 1] as follows [24] :
We denote this density operator byρ(x). The concurrence is obtained by using Eq. (8): Figure 2 shows the behavior of the concurrence versus the quantum degree of polarization. The concurrence is equal to the Chernoff quantum degree of polarization in two cases, namely for the parametersx = ±0.584413.
Conclusions
The purpose of this paper was to make a comparison between entanglement and quantum degree of polarization for three-photon Bell-type diagonal states of the radiation field. We have considered the concurrence as a For a Werner-type state, one can notice from Fig. 1 that for a <ã, the quantum degree of polarization is greater than the concurrence, while for a >ã, the situation is the opposite: P(ρ W ) < C(ρ W ).
In the case of a Bell-type diagonal state depending an a parameter x, Fig.  2 presents the following behavior of the entanglement versus the quantum degree of polarization: C(ρ) versus P(ρ) :    C(ρ(x)) ≥ P(ρ(x)), if x ∈ [−1,x − ] C(ρ(x)) < P(ρ(x)), if x ∈ (x − ,x + ) C(ρ(x)) ≥ P(ρ(x)), if x ∈ [x + , 1].
A similar comparison was found when using two other measures, HilbertSchmidt and Bures, for the quantum degree of polarization [24] .
In conclusion, there is no dominance relation for the concurrence and the Chernoff quantum degree of polarization for all the domain of the parameters that define the states. Or, in other words, the entanglement and the quantum degree of polarization are incomparable measures, i.e. there exist statesρ 1 andρ 2 such that C(ρ 1 ) < P(ρ 1 ), while C(ρ 2 ) > P(ρ 2 ).
